Abstract. We consider the discrete eigenvalues of the operator Hε ¡∆ V ÔxÕ ε 2 QÔεxÕ, where V ÔxÕ is periodic and QÔyÕ is localized on R d , d 1. For ε 0 and sufficiently small, discrete eigenvalues may bifurcate (emerge) from spectral band edges of the periodic Schrödinger operator, H 0 ¡∆x V ÔxÕ, into spectral gaps. The nature of the bifurcation depends on the homogenized Schrödinger operator L A,Q ¡∇y ¤A∇y QÔyÕ. Here, A denotes the inverse effective mass matrix, associated with the spectral band edge, which is the site of the bifurcation.
1. Introduction and Outline. Self-adjoint elliptic partial differential operators with periodic coefficients e.g. the Schrödinger operator with a periodic potential, the time-harmonic Helmholtz equation with variable refractive index, and the timeharmonic Maxwell equations with variable dielectric and permeability tensors, play a central role in wave propagation problems in classical and quantum physics. The spectrum of such operators, characterized by Floquet-Bloch theory [29, 20, 12] , consists of the union of closed intervals (spectral bands). The eigenstates are extended (not localized) and form a complete set with respect to which any function in L In many problems in fundamental and applied physics, periodic media are perturbed by spatially localized defects. These may appear as random imperfections in a media, e.g. a defect in a crystal, or in engineering applications, they may be introduced deliberately in order to influence wave propagation [4, 17] . Since the essential spectrum is unchanged by a sufficiently localized and smooth perturbation (Weyl's theorem, [29] ), typical localized perturbations will only introduce eigenvalues in spectral gaps of the spectrum with associated localized defect modes.
This paper is concerned with a class of localized (defect) perturbations to a periodic Schrödinger operator of the form:
where V ÔxÕ is periodic on R d , QÔyÕ decays as y tends to infinity and ε is a small parameter.
Our main result, Theorem 3.1, concerns the perturbed eigenvalue problem any given spectral band edge, we give detailed expansions with error estimates for the perturbed eigenvalues and corresponding localized eigenfunctions in terms of the eigenstates of a homogenized Schrödinger operator
Here, A jl denotes the inverse effective mass matrix, associated with the particular band edge from which the bifurcation occurs; see Theorem 3.1. A jl , derivable by formal multiple scale expansion (see section 4), is expressible in terms of the band edge (Floquet-Bloch) eigenstate. It is proportional to the Hessian matrix D 2 E b¦ Ôk ¦ Õ of the band dispersion function, associated with ¡∆ V ÔxÕ, evaluated at the band edge E ¦ E b¦ Ôk ¦ Õ.
Referring to the schematics of figures 1.1 and 1.2, we discuss our results.
Suppose the inverse effective mass matrix, A, is positive definite and assume L A,Q has an eigenvalue, e A,Q 0. This occurs if QÔyÕ is a "down-defect" (sufficiently "deep" in dimensions d
3) as in figure 1.1.a. In this case, 1.1. Outline of the paper and overview of the proof. Section 2 summarizes the required spectral theory for Schrödinger operators with periodic potentials and introduces variants of the classical Sobolev space, H s ÔR d Õ, which provide a natural functional analytic setting. Section 3 contains the hypotheses on V and Q and the statement of our main theorem, Theorem 3.1. In section 4 we present a formal multiple scale / homogenization expansion in which we systematically construct bifurcating eigenstates and eigenvalues to any prescribed order. In section 5 we prove Theorem 3.1. In particular, we study the equations governing the correction, Ψ ε to the N ¡ term multiple scale expansion.
To obtain error bounds of suitably high order in ε, we use a Lyapunov-Schmidt approach. Specifically, we decompose the error into Floquet-Bloch modes associated with energies lying near the spectral band edge, E ¦ , and those lying "far" from E ¦ :
near has the character of a wave-packet, spectrally supported on a small interval with endpoint E ¦ . The next step is to solve for Ψ With strong motivation from the structure of terms in the multiple scale expansion, we appropriately rescale, solve via the implicit function theorem, and estimate Ψ ε near . The approach we take has
1. a) Periodic structure with "down defect" and corresponding localized eigenstate for the case of positive definite effective mass tensor. b) Periodic structure with "up defect" and corresponding localized eigenstate for the case of negative definite effective mass tensor. Below are shown eigenvalue bifurcations from band edges of the form E b ¦ Ôk¦Õ E¦.
Schematic of band edge bifurcations in the case where the inverse effective mass matrix, A, is positive definite. The homogenized operator, L A,Q , is assumed to have two simple eigenvalues and one degenerate eigenvalue with multiplicity three.
been applied in the context of the nonlinear Schrödinger / Pitaevskii equation in [31, 27, 10, 9, 16] .
Previous work for linear Schrödinger operators: Bifurcation of eigenvalues from the edge of the continuous spectrum for Schrödinger operators with small decaying potentials, corresponding to weak defects in dimensions one and two for the case of a homogeneous medium or vacuum (V 0), was studied in [30] . Conditions ensuring the existence of eigenvalues in the gaps of periodic potentials were obtained in [1] and [13, 14] , using the Birman-Schwinger (integral equation) formulation of the eigenvalue problem. Homogenization theory was applied to obtain eigenvalues in the spectral gaps of a class of periodic divergence form elliptic operators, governing localized states in high contrast media in [18, 8] . An elementary variational argument in spatial dimensions one and two, yielding general conditions for the existence of discrete modes in spectral gaps of periodic potentials, was recently presented in [26] . More general, variational methods can be applied to obtain defect modes which are obtained as infinite dimensional saddle points of strongly indefinite functionals; see, for example, [11] .
Our results concern a particular class of weak defects, slowly varying and of small amplitude: ε 2 QÔεxÕ, which give rise to defect modes in any spatial dimension. We note that the one-and two-term truncated multi-scale homogenization expansion of defect modes, which we construct, are natural trial functions for a variational proof of existence of ground states; see the discussion in Appendix B. Note also that the scaling of the perturbing potential, ε 2 QÔεxÕ, also arises naturally in solitary standing wave ("soliton defect mode") bifurcations from band edges of periodic potentials in the nonlinear Schrödinger / Gross-Pitaevskii equation [16] .
Homogenization theory has been used to study periodic elliptic divergence form operators near spectral band edges in [6, 7, 2] . Homogenization results for the timedependent Schrödinger equation with a scaling, equivalent to the one considered here, were obtained by two-scale convergence methods in [3] ; see also [28, 5, 2] . In [3] the contrast between the scaling we use and the semi-classical scaling is discussed. These results establish the validity of the homogenized time-dependent Schrödinger equation on certain finite time scales. The results of the present paper focus on a subclass of solutions, bound states, which are controlled on infinite time scales.
Finally, we mention work on effective classical electron motion in solid state physics, derived from the Schrödinger equation for an electron in a spatially periodic Hamiltonian, perturbed by spatially slowly varying electrostatic and magnetic potentials [22, 24, 25] , in a semi-classical limit.
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Notation and conventions.
We note that we may, without loss of generality, restrict to the case where the fundamental period cell is Ω Ö0, 1× d . Indeed, let B denote the fundamental period cell, spanned by the linearly independent vectors Ør 1 , . . . , r d Ù and define the constant matrix R ¡1 to be the matrix whose j th column is r j . Then, under the change of coordinates x z Rx,
1. Integrals with unspecified region of integration are assumed to be taken over
, the Fourier transform and its inverse are given by:
Thus, F F ¡1 Id. 
7. T and T ¡1 denote the Gelfand-Bloch transform and its inverse; see section 2.
8. Bloch spectral cutoff:
where b ¦ is the index of the spectral band under consideration,
2. Spectral Theory for Periodic Potentials. In this section we summarize basic results on the spectral theory of Schrödinger operators with periodic potentials; see, for example, [29, 20, 12] . 
Floquet-Bloch states: We seek solutions of the eigenvalue equation
in the form uÔx; kÕ e 2πik¤x pÔx; kÕ, k È Ω ¦ where pÔx; kÕ is periodic in x with For each k È Ω ¦ , the eigenvalue problem (2.6) has a discrete set of eigenpairs
We will study the bifurcation of eigenvalues from the band edge
with the associated, real-valued band edge eigenfunction
For example, the lowest band edge is E 0 Ô0Õ and the associated eigenfunction is periodic p 0 Ôx e j ; 0Õ p 0 Ôx; 0Õ, j 1, . 
ÔΩÕ and f Ôx e j Õ s j f ÔxÕ. Without loss of generality, and for ease of presentation, we focus on the case where 
We will make repeated use of the following self-adjoint operator
Projections T b and Completeness of Floquet Bloch states: Define
By completeness of the Øp b Ôx;
where u b Ôx; kÕ e 2πik¤x p b Ôx; kÕ. The second equality follows from an application of the Poisson summation formula.
Sobolev spaces and the Gelfand-Bloch transform: Recall the Sobolev space, H s , the space of functions with square-integrable derivatives of order s.
Introduce the space (see, e.g.
with norm
The second to last line follows from the Weyl asymptotics
3. Main Results. In this section we give a precise formulation of our main theorem, Theorem 3.1. The following are our assumptions. (c) The Hessian matrix,
is sign definite. H3 Existence of eigenvalue to homogenized equation.
Introduce the homogenized operator
Set sgnÔAÕ 1 if A is positive definite and sgnÔAÕ
definite. Assume L A,Q has a simple eigenvalue e A,Q with sgnÔAÕe A,Q 0 and corresponding eigenfunction
see figure 3.1(a). Remark 3.1. For further details regarding the smoothness properties of E b¦ and p b¦ with respect to k, we refer the reader to [29, 32] . It can be verified that hypothesis H2 holds in one dimension at all band edges [12] and at the lowest band edge in arbitrary dimensions [19] . Band edges with multiplicity greater than one exist, e.g. for the separable potential V ÔxÕ
Theorem 3.1. (1) Positive definite effective mass tensor: Assume hypotheses H1-H3, with sgnÔAÕ 1. Then, there exists ε 0 0 such that for all 0 ε ε 0 ,
Õ below the spectral band edge having E ¦ as its left endpoint.
Moreover, to any order in ε, this solution can be approximated by the two-scale homogenization expansion, see Eq. (4.35), (5.1), with error estimatē 4) for all N 4 and some constant C 0, which is independent of ε.
(2) Negative definite effective mass tensor: Assume hypotheses H1-H3, with sgnÔAÕ ¡1. Then, the statement of part (1) 
for j 1, 2, . . . , M , all N 4 and some constant C 0, which is independent of ε. This behavior is shown in Fig. 1.2 where an eigenvalue of multiplicity three bifurcates from the band edge.
4. Homogenization and Multi-scale Expansion. We derive a formal asymptotic expansion for the bound state that bifurcates from the band edge into a gap. The results of these calculations will be used as an ansatz in the next section 5 to rigorously prove existence and error estimates.
We assume that u ε Ôx; µ ε Õ satisfies eq. (1.1)
and expand it in an asymptotic series as follows
where y εx is the slow variable. Treating x and y as independent variables, equation (4.1) then takes the form
We seek a solution U ε Ôx, yÕ which is periodic in the fast variable, 
. . .
Viewed as a system of partial differential equations for functions of the fast variable x, depending on a parameter y, each equation in this hierarchy is of the form
GÔxÕ where GÔxÕ has the same symmetry as wÔxÕ, the band edge state (see (2.9)), with period cell Ω. To solve these equations, we make repeated use of the following two solvability criteria based on the Fredholm alternative applied Since the integrand in the first term, being the derivative of the symmetric function w 2 ß2, integrates to zero,
Therefore, the general solution for U 1 consists of a homogeneous and particular solution
(4.14)
where
Õ is to be determined at higher order.
Remark 4.2. For d 1, the general solution is
Inserting the expressions (4.13) and (4.14) into Eq. (4.6)
where the linear operator (4.18) where e A,Q is the simple eigenvalue associated with the eigenfunction F A,Q ÔyÕ in hypothesis H3 and We give the proof in appendix A; see also [4] . Applying Prop. 4.1 to Eq. (4.16) gives 
(4.26)
We can now write F 1 in terms of F A,Q as 
where H n is completely determined by all the lower order solutions U l , l n ¡ 3 
With this choice of µ n , F n¡2 is given by 
These functions are the slowly varying envelopes of the homogeneous solutions to the N ¡ 1 th and N th order equations. Moreover,
35)
with the particular choice F n¡1 F n 0, is an approximate solution for the eigenvalue problem (4.1) (equivalently (1.1)) with error formally of order ε N 1 . Remark 4.3. The multi-scale form of the approximate eigenfunction given in Prop. 4.5 is used as a "trial function" in Appendix B to give a "quick" variational existence proof for defect modes bifurcating from the lowest band edge. We also show that a two term approximation (leading order homogenized solution plus first nontrivial correction) yields a better estimate for the energy than the one-term approximation (leading order homogenized solution). 
Then the error Ψ ε satisfies the equation: Moreover, we introduce a spectral localization of Ψ ε into frequencies "near" the band edge and "far" from the band edge
near Ôx; ¤Õ T ¡1Ψε far Ôx; ¤Õ,
where δ n,m is the Kronecker delta function and the indicator functions are defined as 
We view this as a coupled system of equations for the near and far frequency compo-
5.1. Lyapunov-Schmidt Reduction. In this section, we derive a functional representation of the far frequency components in terms of the near frequency components with an associated estimate. After insertion into the near frequency equation, a closed system is obtained.
We use the implicit function theorem to solve the far frequency equations. To this end, we observe the following inequalities due to the definiteness of the matrix
(5.12)
We now have the following existence result Proposition 5.1. There exists ε 0 0 such that for 0 ε ε 0 , there is a map- 
for 0 r 1.
Proof. Since Eq. (5.11) is supported on frequencies away from E ¦ , we can divide it by E b ÔkÕ ¡ E ¦ ¡ ε 2 e A,Q . This suggests studying the equivalent equationG 0 whereG has components
(5.14)
Any functionφ È X 2 satisfyingGÖφ, ε, ψ, υ× 0 is a solution of the far equations (5.11) with ψ Ψ
with respect to ψ and υ satisfying the estimate The Proposition follows from the implicit function theorem [23] if we can show that DφGÖ0, 0, ψ, υ× is invertible. We have ¡ DφGÖφ, ε, ψ, υ×f
Therefore, DφGÖ0, 0, ψ, υ× I is invertible. Note that we use the fact that 0 r 1 to conclude that lim ε 0 ε 2 χÔ k ε
The implicit function theorem implies that there exists ε 0 0 and a uniqueΨ
for 0 ε ε 0 . Equation (5.18) is equivalent to
We now demonstrate the inequality in Eq. (5.13). Using (2.18), (5.11) and the invert-
where the constants C are independent of ε. The third inequality results from the Weyl eigenvalue asymptotics [15] and the bound (5.12). The last inequality results from direct estimation of the error terms (5.3). With ε small enough so that ε 2¡2r C 1ß2, we can subtract the term involving ε 2¡2r C Ψ conditions on the functions V ÔxÕ, QÔεxÕ, and U n Ôx, εxÕ, n 0, 1, . . . , N .
Near Frequency Equation and its Scaling.
We now study the near frequency equation (5.10) with the aid of certain Taylor expansions for k ε r , where we invoke our regularity hypothesis H1 
To prove (5.30) we need to estimate the sum in (5.33) for k ε r . For such k the sum can be estimated as follows: 
The right hand side has the following form
We define the following operators χ ε , χ ε where
In physical space we can write (5.40) as
In order to solve Eq. (5.43), we require a regularization that guarantees the invertibility of the operator χ ε L A,Q χ ε . Since zero is an isolated eigenvalue of L A,Q , there is a small disc of radius ρ ρ ε about zero, with boundary C ρ such that for ε sufficiently small, C ρ encircles m eigenvalues of χ ε L A,Q χ ε , counting multiplicity, where m is the multiplicity of zero as an eigenvalue of L A,Q .
Introduce the projection onto the spectral subspace associated with eigenvalues of χ ε L A,Q χ ε , encircled by C ρ :
Note that
projects onto the kernel of L A,Q . We now rewrite (5.43) as the following system for Φ and Υ ε : [21] . A natural choice for u is the multiscale expansion in eq. (4.2) with ε sufficiently small. Furthermore, a higher order, two-term trial function gives a better approximation of the energy than the one-term trial function. Proposition B.1. It follows that there exists a ground state.
